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Abstract. In the present work, we investigate existence of deforma- 
tions and algebraic approximability for certain uniruled Kaliler threefolds. 
In the first part, we establish existence of infinitesimal deformations for 
all conic bundles with relative Picard number one over a non-algebraic 
compact Kahler surface S and existence of positive-dimensional families 
of deformations in all but some special cases. In the second part, we 
study the question of algebraic approximability for projective bundles 
over S and threefolds bimeromorphic to Pi x S. 
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1. Introduction 

An interesting class of complex manifolds to study is the class of compact 
manifolds which arise as limits of projective manifolds in the following 
sense: 

Definition 1.1. Let X be a compact complex manifold. A proper holomor- 
phic submersion tt : A" — > T between complex manifolds A:" and T 9 is 
called an algebraic approximation ofX if 

(i) the central fiber := 7r^^(0) is isomorphic to X and 

(ii) there exists a sequence {tk)keN C T converging to such that for 
each k, the fiber := n^^{tf^) is a projective manifold. 

We call X algebraically approximable if there exists an algebraic approximation 
of X. 
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It is a corollary of Kodaira's classification of complex surfaces that 
every compact Kahler surface is algebraically approximable. A new, more 
conceptual proof of this result not relying on classification results has 
recently been given by Buchdahl in IIBuc06l and BBucOSI . 

It was conjectured for a long time that indeed every compact Kahler 
manifold is algebraically approximable. This was shown to be false by 
C. Voisin in |Eoi04|, where she proved that in every dimension > 4 there 
exist compact Kahler manifolds not even having the homotopy type of a 
projective manifold. 

It is still open whether every compact Kahler threefold is algebraically 
approximable. Since the classification theory of Kahler threefolds is still 
a little bit vague at the time being, the most one can possibly hope for 
is settling a reasonably large class of threefolds carrying some special 
structure. 

In the present article, we undertake a first attempt towards this goal. 
Our strategy is to use Kodaira's approximation results for surfaces in order 
to construct algebraic approximations for threefolds carrying some type of 
Pi-fibration over a Kahler surface. 

An intermediate problem is to study the existence of deformations of 
these threefolds. For conic bundles, we establish the existence of infinitesi- 
mal deformations by a careful study of the geometry of discriminant loci 
in section |3l 

Theorem 1. Let S be a compact non-algebraic Kahler surface and f:X—>Sa 
conic bundle with p{X) = p{S) + 1. Then H^(Tx) 7^ 0. 

In most cases, we can even show the existence of a positive-dimensional 
family of deformations: 

Theorem 2. Let S be a compact non-algebraic Kahler surface and f:X—>Sa 
conic bundle with p{X) = p{S) + 1. Then 

h\Tx)>h^{Tx), 
except possibly in the following cases: 

(i) S is a torus and E := /*(i^x/s) ^'^ projectively flat, i.e. P(£) is given by a 
representation 7Zi{S) PGL(3, C). Furthermore, X is not isomorphic to 
¥{V)for any rank-two bundle V on S. 

(ii) S is a minimal properly elliptic surface (i.e. k{S) = 1) and all singular fibers 
of the elliptic fibration are multiples of smooth elliptic curves. 

By studying vector bundles over K3 surfaces and tori in section |4| we lay 
the basis for understanding projectivized rank-two bundles over surfaces 
of Kodaira dimension 0. We obtain the following result: 

Theorem 3. Let S be a compact Kahler surface with k{S) =0 and V a holomor- 
phic rank-two vector bundle on S. Then the projective bundle F{V) is algebraically 
approximable. 
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By combining techniques from the previous sections, we extend our 
results in various directions in section |5] First, we prove algebraic approx- 
imability of threefolds bimeromorphic to a product of Pi with a compact 
Kahler surface: 

Theorem 4. Let X be a compact Kahler threefold for which there exists a com- 
pact Kahler surface S and a bimeromorphic map ^: Pi x S ---> X. Then X is 
algebraically approximable. 

Finally, we prove algebraic approximability for certain types of conic 
bundles: 

Theorem 5. Let Sbe a compact Kahler surface with an elliptic fibration r: S —> C 
over a smooth curve C. If f: X —> S is a conic bundle such that the rank-three 
bundle /*(i<^x/s) trivial when restricted to the general fiber of r, then X is 
algebraically approximable. 

Theorem 6. Let S be a K3 surface and f:X—>Sa conic bundle such that 
f*i^x/s) sp'^ts as a direct sum of line bundles. Then X is algebraically approx- 
imable. 

Acknowledgements. In large parts, this paper is a condensed version of 
my Ph.D. thesis prepared at the University of Bayreuth fSchlOl . I would 
like to thank my advisor Thomas Peternell for many fruitful discussions 
and suggestions. 

The work was supported by DFG Forschergruppe 790 "Classification of 
algebraic surfaces and compact complex manifolds." 

2. The concept of algebraic approximability 

In this section, we first review some approximability results for elliptic 
surfaces we will use in the following. After that we investigate the behavior 
of algebraic approximability with respect to certain types of maps between 
complex manifolds. 

We start with general remark concerning the algebraic approximation of 
Kahler manifolds: 

Remark 2.1. Let 5 — )■ T 9 be a deformation of a compact Kahler man- 
ifold Sq. Then for any f G T in a sufficiently small neighbor ghood of 0, 
the fiber St is also Kahler. Since a compact Kahler manifold is projective 
if and only if it is Moishezon, finding an approximation of Sq by projec- 
tive manifolds is equivalent to finding an approximation by Moishezon 
manifolds. 

2.1. The elliptic surface case. 

Proposition 2.2. Let S be a compact Kahler surface with an elliptic fibration 
r: S —> C over a smooth curve C. Then there exist a complex manifold T 3 Q and 
a deformation n: S —> T of S = Sq with the following properties: 

(i) There is an elliptic fibration R: S ^ C x T with pr2 oR = n and R\sg = r. 

(ii) For every point c G C there exists an open neighborhood UcCofc such 
that R-^{U X T) ^ r-'^iU) x T over CxT. 
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(in) The set of points t eT where St is -projective is dense in T. 

Proof. This proposition is the essence of an intricate study of elliptic fibra- 
tions first carried out by Kodaira (cf. IIFM94I for details). A much more 
elegant proof has been given by Buchdahl in [Buc08[ . □ 



2.2. Some general criteria. The following criterion follows easily from 
Kodaira's result about stability of subspaces: 

Proposition 2.3. Let X C Y be an inclusion of compact complex manifolds. If 
Y is algebraically approximable and H^{Nx\y) = 0/ ^^hen also X is algebraically 
approximable. 

As etale covers are topological objects, an algebraic approximation can 
obviously be lifted to finite etale covers: 

Proposition 2.4. Let X be a compact complex manifold which is algebraically 
approximable. Then any finite etale cover ofX is also algebraically approximable. 

The following is slightly more complicated: 

Proposition 2.5. Let / : X —> Y be a holomorphic surjection from a compact 
Kahler manifold X to some manifold Y. Assume that f has connected fibers and 
that for general y eY, Xy is projective with H^{Ox^) = 0. Suppose furthermore 
that Ext^(Q]^/y, Ox) = 0. Then ifY is algebraically approximable, X is also 
algebraically approximable. 

Proof. Let tp: y ^ T 3 Ohe an algebraic approximation of Y = 3^o- By 
IIHor74l Theorem 6.1], the assumption Ext^(Q^/y, Cx) = implies (after 
shrinking T sufficiently) that there exist a deformation zr : A" — )■ T 9 of 
X = and a holomorphic map F: X ^ y over T such that F\xg = f- It is 
easy to see that F has connected fibers and H^{Ox,j) =0 for general y E y. 
Since X is Kahler, also is Kahler for sufficiently small t. Now if i G T is 



such that yt is projective, Xt is also projective by | Fuj83b Proposition 7]. □ 

We also state the following property: 

Proposition 2.6. Let X be a compact Kahler manifold, X ^ X the blow-up of X 
along a compact submanifold Y C X of codimension > 2. Then X is algebraically 
approximable if and only if there exists a Y-stable algebraic approximation ofX. 

One can generalize the concept of algebraic approximability to arbitrary 
complex spaces. By using generalizations of Horikawa's deformation theory 
from l|Ran91l , one can for instance prove the following result: 

Proposition 2.7. Let X be a three-dimensional normal complex variety having at 
most terminal singularities and f: X — ->• X' a composition of Mori contractions 
and flips. Then, ifX is algebraically approximable, so is X'. 
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3. Conic bundles: discriminant loci and deformations 

In this section, we want to investigate the geometry of discriminant loci 
of conic bundles over non-algebraic surfaces: Let / : X — ?► S be a conic 
bimdle over a compact surface S (i.e. X is a complex manifold and every 
fiber of / is isomorphic to a curve of degree 2 in P2). If we let E : = /*^x/S' 
then X is a divisor on P(£) inside the linear system | Op(£) (2) (S) ti* det E* \, 
where 7r:P(E)— >Sis the natural projection. Thus X is given by a section 
(7 S H'^{S^E (8) det£*). Via the canonical embedding 

S^E (g) det E* C £ O E ® det E* ^ noniOs (E*, E O det E*), 

the section a induces a non-zero section 

dettJG Hom(detE*,det(E(g)detE*)) ^ H°(detE*), 

which defines a divisor on S, the so-called discriminant locus of /. Obvi- 
ously A f consists of those points s G S for which the fiber Xg is a singular 
conic. 

The discriminant locus has an interesting property: 

Proposition 3.1. For any conic bundle f:X—>S over a compact surface S with 
p(X) = p{S) + 1, the discriminant locus Af is a reduced divisor with the property 
that any smooth rational component of Af meets other components of Af in at 
least two points. 

Proof cf. [ |Miy83} Remark 4.2 and Lemma 4.5] □ 

This motivates the following definition: 

Definition 3.2. A divisor D on a compact complex surface is said to have 
property (P) if it is reduced and for any smooth rational component C of D 
we have 

C- (D-C) > 2. 



Using the terminology of this definition. Proposition 3.1 states that A^ 
has property (P). 

Property (P) is preserved under blow-downs: 

Proposition 3.3. Let S be a compact surface and p: S ^ S' the blow-down of 
a {—l)-curve Cq on S. Then for any divisor D on S which has property (P), the 
divisor D' := p^D on S' also has property (P). 

Proof. Since D is reduced, there are distinct irreducible curves Ci, . . . , Cjt 
different from Co such that 

k k 

either D = ^ C, or D = Co + J2 

If we let C[ := p*Ci, . . . , C,' := p^C]^, then C[, • • • , C[ are distinct irreducible 
curves on S' and we have 

D' = p,D = x:c;. 

! = 1 
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If now C- is smooth rational for some /, then also C, is smooth rational, so 
by hypothesis we have 

Q ■ (D - Q) > 2. 

From this we obtain: 

C^-{D'-C^) = p*Cl.p*{p.D-Cl) 
= p*Cr{D-Q) 

= Q • (D - Q) + (Co ■ C,)Co ■ (D - Q). 

The claim now follows easily because Co • C, G {0, 1} and either Co is not 
a component of D, whence Co ■ (D — C,) > 0, or Co is a smooth rational 
component of D and thus 

Co ■ (D - Q) = Co ■ (D - Co) + eg - Co ■ Q > 

by hypothesis. □ 



We shall use Propositions 3.1 and 3.3 to study discriminant loci of conic 
bundles over surfaces by induction over blow-ups. For surfaces with 
algebraic dimension 0, we obtain: 

Lemma 3.4. Let She a compact Kahler surface with algebraic dimension a{S) = 0. 
Then any conic bundle f: X —> S with p{X) = p{S) + 1 is a Vi-bundle. 



Proof. By Proposition 3.1 the discriminant locus has property (P), so it 
is sufficient to show that if D is a divisor on S having property (P), then 
necessarily D = 0. 

Since a{S) = 0, however, any connected curve on S is a tree of rational 
curves which never satisfies property (P). □ 

Using more intricate arguments, we can also handle the case where S 
has algebraic dimension 1: 

Lemma 3.5. Let S be a compact complex surface with algebraic dimension a{S) = 
1 and f: X ^ S a conic bundle with p{X) = p{S) + 1. Then we have 



Proof. By Proposition 3.1 it is sufficient to show that for any divisor D on 
S satisfying property (P), we have 

(1) D- (D-3Ks) -4K^ > 0. 

In order to show inequality Q, we first assume S to be minimal. Since 
fl(S) = 1, the surface S is elliptic. Let r: S ^ B be the (unique) elliptic 
fibration over a smooth curve B. Then any irreducible curve on S is 
contained in a fiber of r. So, by Kodaira's classification of elliptic fibers, any 
irreducible curve on S is either a (— 2)-curve or numerically proportional 
to a fiber of r. If F is a fiber of r and L is an arbitrary line bundle on S, 
then F ■ L = 0, so for numerical purposes we can assume that D is a sum 
of distinct (— 2)-curves. By an easy calculation, property (P) then implies 
that = 0. This in turn implies that D ■ L = for any line bundle L on S, 
so inequality ([l} follows from < 0. 
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If S is not minimal, we let p : S — ?► S' be the blow-down of a (—1) -curve 



Co C S. By Proposition 3.3 the divisor D' := p^D has property (P), so we 
may inductively assume that 

(2) D'-(D'-3Ks')-4i<C| >0. 

Now we have Ks = p*Ks' + Cq. Furthermore, if we write D = p^^D' + eCq 
(note that e G {0, 1} because D is reduced) and let }i be the multiplicity of 
the divisor D' at the point p(Co), we obtain 

(3) D = p*D' + {e-^)Co. 
So we can calculate 

D ■ {D - 3Ks) - AKl = D' ■ {D' - 3Ks) - AKj + 4 + {^ - e){e - ^ - 3). 

By inequality (|2|, in order to show inequality ([T]), it thus remains to show 
that 

(4) {^-e){^-e + 3) <A. 

Since fl(S') = a{S) = 1, the surface S' is also elliptic with all irreducible 
curves contained in fibers of the elliptic fibration. By Kodaira's classification 
of fibers, every reduced curve on S' has multiplicity at most 3 in any of its 
points, so in particular we have }i < 3. 

Because Co is smooth rational and Cq ■ (D — Cq) = }i — e + 1, property (P) 
yields the implication 

(5) £ = 1 ^ ^ > 2. 

Hence, in order to prove inequality (Q, it remains to exclude the follow- 
ing two cases: 

(i) ^ = 3, 

(ii) }i = 1 and e = 0. 

We first assume }i = 3. Using Kodaira's classification of singular elliptic 
fibers, we find that the only possible way for the reduced divisor D' to 
contain a point of multiplicity 3 is that D' contains three smooth rational 
components C[, Cj and Cg intersecting in an ordinary triple point. Now, 
using implication (|5| for further blow-downs of S', we see that D' cannot 
contain any (—1) -curve lying in the same elliptic fiber as the C\ but distinct 
from the C-. Thus we find that the divisor C^ + C2 + C3 is a connected 
component of D'. If we let C, := p^^C[, then C, is a smooth rational 
component of D such that, by equation (|3|, 

Q ■ (D - C) = (p*C; - Co) ■ {f{D' - C[) + (£ - 2)Co) = e, 

contradicting property (P). 

It remains to consider the case fi = 2. We must show that in this case, 
e = 1, i.e. Co is a component of D. To prove this, we can assume that D' 
consists of exactly one connected component, namely the one containing 
the point p(Co). By Kodaira's classification and implication (|5]l, we thus 
obtain the following possibilities for D': 
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(i) D' is an irreducible curve having an ordinary double point or a cusp 
at p(Co). In this case the strict transform p^^D' is a smooth rational 
curve, so property (P) implies that Co must be a component of D. 

(ii) D' = C[ + C'2 where C[ and C2 are smooth rational curves intersecting 
only at p(Co) (with multiplicity 2). Then p^^D' consists of two smooth 
rational curves intersecting transversally at exactly one point, so again 
by property (P), Co must be a component of D. 

(iii) D' is a cycle of smooth rational curves. Then p^^D' is a chain of 
rational curves. In this case, we can apply property (P) to the curves 
at the end of this chain to conclude that Co must be a component 
of D. □ 

We can use the preceding lemmas to estimate the dimension of the 
deformation space of a conic bundle via the Riemann-Roch theorem. To do 
so, we need the following basic result: 

Proposition 3.6. Let f : X ^ S be a conic bundle over a compact surface S. Then 
we have Ext^(Q^/5, Ox) = and H^{Tx) = 0. 

Proof. We first prove that the relative cotangent sheaf ^x/g is torsion-free: 
If we let E := f^K'^^g, then X is a submanifold of P(£) and we get a short 
exact sequence 

> Nx|p(E) > ^^p(E)/slx > ^x/s ^ 0- 

Dividing out the torsion of H^^g yields the sequence 

— >K — > np(£)/s|x — > n]^/s/tor — > 0, 

where X is a reflexive rank-1 subsheaf (and thus a sub-line bundle) of the 
rank-2 bundle ^^p(£)/slx- We obviously have 

(6) ^x|p(£) C 

Smoothness of X readily implies that H^^g is locally free (and thus torsion- 
free) outside codimension 2. This means that (|6| is an isomorphism outside 
codimension 2. Since the left and right sides of ^ are both line bundles, 
this implies that ^ is actually an equality, so H^^g is torsion-free. 

Now, for a general point s G S, the fiber Xg is isomorphic to Pi, and thus 
Kx\x. = ni,/g|x, = n]f, = Op,(-2). So we have H^m^^s ^ ^x)|xj = 
for general s and thus H°(n^/g ^ Kx) = by torsion-freeness of H^^^g. 

Serre duality yields Ext^{n\^g,Ox) = H°{n\^g <^ Kx)* , and the first 
part of the claim follows. 

Finally, again by Serre duality, H^{Tx) = is equivalent to H^{dl^ 
^x) = 0, which is clearly true since the bundle (8) Kx is negative on any 
smooth fiber of /. □ 



We have now gathered all the necessary tools to estimate the dimension 
of the deformation space of a non-algebraic conic bundle: 
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Proposition 3.7. Let S be a compact non-algebraic Kahler surface and f : X 
a conic bundle with p{X) = p{S) + 1. Then 

h\Tx)>h^{Tx). 

Ifh^{Tx) = h^{Tx), then H°(Tx) = and 

c?(S) = C2(S) = c?(/,(K^/s)) = C2(/.(K^/s)) = 0. 

Proof. The pushforward 

E := f*{K*x/s) 

is a rank-3 vector bundle on S such that there exists a canonical embedding 



X C F(E)- We have H^(Tx) = by Proposition 3.6 so by a standard 
Riemann-Roch calculation (see PSchlOl Proposition 4.2] for details), we 
obtain the formula 

h\Tx) - h\Tx) = h\Tx) + (C2(£) - Ci(E)ci(S) - ^c?(S)) 
-H(S) + 7^(Os). 

S being a non-algebraic Kahler surface, we have c\{S) < and xi^s) ^ 0- 
Furthermore, by [,BLP87, Theoreme 3.1], we have 

(8) C2(£) - IcliE) > 0, 

so, by ([7]|, in order to prove h^{Tx) > h'^{Tx), it remains to show that 

(9) c?(£) >3ci(E)ci(S)+4c?(S). 



If fl(S) = 1, this follows directly from Lemma 3.5 by observing that G 
|det£*|; if a{S) = 0, then Ci(E) = by Lemma 3.4 and the inequality 
follows because Cj(S) < 0. 

Now if h^{Tx) = h'^{Tx), all summands on the right side of ^ must be 
zero, so we directly obtain h^{Tx) = and c\{S) = C2(S) = 0. Since S is 
non-algebraic, c^(S) =0 implies that Ci(S) • L = for any line bundle L 
on S. Furthermore, we must have equality in ([8| and so we also obtain 
cl{E) = C2{E) =0. □ 

We can now prove two of the theorems announced in the introduction: 

Proof of Theorem |I] By Proposition |3.7[ we only need to exclude the case 
/ji(Tx) = h^{Tx) = 0: Suppose tFjTx) = H^{Tx) = 0. Since we have 



Ext'^(Q^/g, Ox) = by Proposition 3.6 applying Hom(-, Ox) to the relative 
cotangent sequence 

/*Ql ^ Ql, ^ 

yields 

= H\Tx) H^{f*Ts) Ext^{n\/s,Ox) = 
and thus (using Serre duality) 

H°(n^ (g)Ks)* = H^{Ts) = H^{f*Ts) = 0. 

We have c^{S) = by Proposition 3.7 so S is minimal. Together with 



CiiS) =0 and H'^{Ts) =0, this implies that S is properly elliptic by surface 
classification theory. Let r: S — )■ C be the elliptic fibration of S over a 
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smooth curve C. Tensoring the relative cotangent sequence of the eUiptic 
fibration r by Ks and taking global sections, we obtain the long exact 
sequence 

H\r*Kc0Ks) H^nl^Kg) H°{nl/c^Ks) . . . , 
so we obtain 

(10) H^{r*Kc(S)Ks) =0. 
Now, by relative duality, 

(11) r,Ks =Kc(^ (RV.Os)*, 
where by Riemann-Roch on C, 

deg(RV,Os)* = -deg(RV*Os) = -x{R'r.Os) + x{Oc) 

= h\Oc) - h\Oc) - h^R'uOs) + h\R\,Os). 
Now the Leray spectral sequence for r yields 

h\Os) = h\Oc), 

h\Os) =h\Oc) +h\R'r,Os), 

h\Os)=h\R^nOs), 

hence deg(RV,Os)* = xiOs) = (cf. [|BHPVdV04[ p. 213f.]). We obtain 

deg{n{r*Kc^Ks)) =Ag{C)-A, 



thus by equation ([TOjl, we conclude that g{C) < 1. On the other hand, as S 
is a non-algebraic Kahler surface, we must have H^{Ks) = H'^'^{S) ^ 0, so 
( [TT| ) implies g{C) > 1. So C must be an elliptic curve, in particular we have 
Kc = Oc- But then, equation ([lOjl contradicts H^{Ks) 7^ 0. □ 

In order to prove Theorem [2| we need to describe the exceptional cases 
of Proposition |3.7| in more detail: 
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Proof of Theorem^ Suppose that h^{Tx) = h^{Tx)- Then by Proposition 
we have c^(S) =0, which yields that S is a minimal surface. From C2(S) = 0, 
we obtain that S must either be a torus or a minimal properly elliptic surface 
such that all singular fibers of the elliptic fibration on S are multiples of 
smooth elliptic curves (cf. tKod63[ p. 14]). 



Now suppose that S is a torus. By Proposition 3.7 we have c^(£) = 
C2(£) = 0. By ||Yan89[ Theorem 5.12], this implies that E is projectively flat. 
Now, suppose that there exists a rank-2 bundle y on S such that X = P(F). 
An easy calculation shows that we have W (X, Tx/s) = H"? (S, S^V det V* ) 
for all q, so by H^{Tx) = 0, it follows that H^{S^V O detV*) = and 
therefore, by Serre duality, also H^{X,Tx/s) = H^{S,S^V (S) det V*) = 
0. The relative tangent sequence then yields h^{Tx) > h^{Ts) = 4i and 
h^{Tx) < h^{Ts) = 2, so in particular h^{Tx) > h^Tx). □ 
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4. Vector bundles on K3 surfaces and tori 

The aim of this section is to prove algebraic approximability of projec- 
tivized rank-two bundles over Kahler surfaces of Kodaira dimension 0. The 
most important step is to examine vector bundles over K3 surfaces and tori: 

Let S be a K3 surface or a two-dimensional torus and V a vector bundle 
on S. The objective is to study whether one can construct an algebraic 
approximation n: S ^T90ofS = <So such that there exists a vector 
bundle V on <S with Vl^,, = V. We will show that this is always possible 
(up to a twist of y by a line bundle) if V has rank 2. 

We begin by examining the case of line bundles. In order to deal with 
higher-rank bundles later on, it is important to have the following statement 
about "simultaneous extendability" of line bimdles: 

Proposition 4.1. let She a K3 surface or a torus. Let K. 3 Obe the Kuranishi 
space and n: S ^ fC a versal deformation of S = Sq. Then there exists an 
{h^'^{S) — p{S)) -dimensional smooth analytic subset T of K. containing such 
that for any line bundle L on S, there is a line bundle L on Sj := 7r~^(T) with 
C\s^ - ^■ 

Proof We let h := h^'^{S). Then (/C,0) is an /i-dimensional smooth germ of 
a complex manifold and we have a C°° -isomorphism 

<S —c°° S X fC. 

This isomorphism allows us to naturally identify H^{St,C) with H^(S,C) 
for all i G /C. If we now denote by (■, ■) the C-bilinear extension to H^(S, C) 
of the standard intersection form on H^(S,Z), then by Torelli's theorem, 
the period map 

V: JC^ P(h2(S,C)), 
t ^ H^'\St), 

gives a local isomorphism of K, onto the period domain 

n:={[a;] & W{H^{SX)) \ {cv,cv) =0,{co,cv) >0}. 
We now let 

T ■=v-\NS{s)^nci), 

where NS{S)^ C P(H^(S,C)) is the orthogonal space with respect to 
the bilinear form (•,•). Since (•, •) is non-degenerate, the projective space 
NS{S)^ has dimension h + 1 — p{S). Since NS(S)^ is defined over R, the 
inequality {co,co) > in the definition of O implies that NS{S)^ n O is 
smooth at every point. This implies that T is smooth of dimension h — p{S). 
Now for any line bimdle L on S and for any i e T, we have that 

(ci(L),P(0) =0, 

i.e. ci(L) e H^'^{St) by orthogonality of the Hodge decomposition. We 
consider the following excerpt from the push-forward of the exponential 
sequence on Sj via the restriction tzt := 7z\sj: 
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The constant extension of Ci(L) defines a section ^ G H^{R^71t*'^) which 
satisfies (p(^) = (because Ci(L) G H^'^(5t) for all t E T). By the above 
sequence, we obtain a section in H^{R^ttt*0*) which, by the Leray spectral 
sequence, gives a line bundle C on Sj with Ci{£,\sg) = Ci(L). Thus the line 
bundle L(Ei C*]^^ is numerically trivial on Sq, so is given by an element 
V G H^(05j. The sheaf R^7Zt*0 is locally free, so v can be extended to 
give a section i7 G H°(R^ 7rr*0). If we let Af be the line bundle on S given 
by t/;(iy), then £ := L (g) A/" is a line bundle on S with Z^l^g = L. □ 

Remark 4.2. It is well-known that any non-trivial deformation of a K3 
surface or a torus is an algebraic approximation. So, since p{S) < h^'^{S) 



for any non-algebraic surface S, the deformation tt given by Proposition 4.1 
is indeed an algebraic approximation. 

In order to deal with rank-two bundles arising as extensions of line 
bimdles, it is important to achieve constancy of cohomology dimensions 
for the extended line bundles. This is automatic for K3 surfaces: 

Proposition 4.3. Let S be a non-algebraic K3 surface, T 3 a complex manifold 
and n: S —> T a deformation of S = Sq with the property that for any effective 
divisor D on S there exists a line bundle Cu on S with Cd\so — ^s{D)- Then 
for any line bundle C on S, there exists an open neighborhood UcTofO such 
that for every q, the map U 3 t h'^{C\s^) is constant. 

Proof For each t E T,welet Ct := Cls,. If both h°{Co) ^ and h'^{Co) ^ 0, 
then Co = Os^. But then all Ct must be numerically trivial and hence 
trivial because h^{Osi) — ^ ^■ 

So we can assume that either h^{CQ) = Q or h^{Co) = Q. By usmg 
Serre duality, we can further reduce to the case h'^{Co) = 0. Then, by 
semi-continuity, we have h^{Ct) = for all sufficiently small t. Thus, by 
constancy of the holomorphic Euler characteristic xi^t), it remains to show 
that h^{Ct) is constant, i.e., that any section s G H^{Co) can be extended to 
give a section s G H^{Cu) with s\gg = s. 

So, let s G H^{Co)- Then s defines an effective divisor D = D„ where 
the D, are (not necessarily distinct) prime divisors. By hypothesis, there 
exist line bundles Cj with Cj\so = Ogg (D,). Now, since Sq is a non-algebraic 
K3 surface, every D, is either a (— 2)-curve or the reduction of a fiber of 
an elliptic fibration of S. In either case, an easy calculation shows that 
h^{Osg{Di)) = h^{Osg{Di)) = 0. By semi-continuity and constancy of 
holomorphic Euler characteristic, this implies that h^{Cj\sf) is independent 
of t. So, if we write s = Yli s/ with s, G H'^{Osg{Di)), the s, can be extended 
to give sections s, G H^{Ci) with s/j^g = s,-. But now (®/>C/) (8) C* is 
numerically trivial on each St and thus trivial, so = C and the 

product s : = H/ defines a section in H°(£) with s|5(, = s. □ 

For tori, we need to choose the extended bundles appropriately: 

Proposition 4.4. Let S be a non-algebraic torus and n: S —> T the deformation 



of S = So from Proposition 4.1 Then for any line bundle L on S, there exists a 
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line bundle C on S and an open neighborhood UcTofO such that C\sg 
and U 3 t h'^ {C\si) is a constant map for every q. 



Proof. As in the proof of Proposition 4.3 we can assume h^{L) = and 



h°{L) ^O.We then have L ^ Os(D) for some divisor D > on S. Since 
there are no curves on a torus of algebraic dimension 0, we have a{S) = 1 
and thus obtain an elHptic fibration r : S — > C over some elliptic curve C. 
Now all irreducible curves on S are fibers of r, so there exists an effective 
divisor ^ on C such that D = r*S. 



Since L extends to S by Proposition 4.1 we have a{St) > 1 for all 
t ^ T, thus, there exists a relative algebraic reduction R: 5 — > C over 
T, where C — > T is a deformation of C = Co and R\sg = r. We can 
now choose an effective divisor S on C, which is flat over T, such that 
= S. We then obtain the desired extension of the line bundle L by 
letting £:= R*Oc(<5). □ 

The preceding propositions enable us to extend rank-two bundles having 
a section: 

Lemma 4.5. Let S be a K3 surface or a torus and V a rank-two vector bundle on 
S with H°(y) 7^ 0. Then there exists an algebraic approximation n: S ^ T 3 
of S = So and a rank-two bundle V on S such that V\so — V. 

Proof. Let 7^ s G H^(y). If we denote by G the divisorial part of the zero 
locus of s, we obtain a short exact sequence 

(12) — >Os — >V(S)Os{-G) — >L®Xy — > 0, 

where L is some line bundle on S, and Xy is the ideal sheaf of some locally 
complete intersection subvariety Y C S of codimension at least 2. We 
observe that sequence ( [T2| is given by an extension class in Ext^ {L® Xy, 0$), 
which by Serre duality is isomorphic to H^(L (8) Xy). 

Suppose we have managed to construct an algebraic approximation 
7r:iS^T30ofS = Sq, a line bundle £ on 5 with £1^^ = L and a locally 
complete intersection subvariety y d S, flat over T, with y [~^SQ = Y. We 
define := 3^ n 5f and suppose further that h^{Ct Ty^) is independent 
of t (we remark that flatness of y implies 1y\st = lyt)- Then the extension 
class in H^{L®Xy) = H^{CQ®Xy^) can be extended to give a class in 
H^{C^Xy). We thus obtain a short exact sequence 

— >Os — >V — > L®Xy — ^ 

defining a rank-2 vector bundle V" on S with \>'\g^ = Y ® Os(— G). If we 
have chosen the algebraic approximation such that every effective divisor 
can be extended as a line bundle, there is a line bundle ^ on 5 with 
Q\s^ ^ Os(D), and we can just set V := V O Q. 

We now describe how to satisfy the assumptions we made above: We 
first remark that for any deformation tt : 5 T of S = Sq, any line bundle 
£ on tS and any codimension > 2 subvariety y d S flat over T, we have 
for every f G T a short exact sequence 

0^ {(i®Xy)\s, ^ ^ ll\y, ^ 
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whose long exact cohomology sequence shows that h}{Ct(^ ly^) is constant 
provided that h^{Ct (8) ly,) and all the h'^{Ct) are constant. 

Now, if /2'^(L (8)Xy) = 0, we can just choose tt according to Proposition 



4.1 



We can then choose C with the desired properties according to Propositions 
The constancy of h^{Ct (8) ly,) then follows by semi-continuity 



4.3 



and 



4.4 



for any flat extension y C S of Y. 

So, we can now assume that Y ^ & and that h^{L (Si ly) > 0- Then also 
h^{L) > and we have L ^ Os{D) for some divisor D > on S. We first 
consider the case a{S) = 0: Then S is a K3 surface and D is composed 
of (—2) -curves intersecting (at most) transversally. Furthermore, we have 
h^{L) = 1 and thus Y C D as an inclusion of complex spaces. If we choose 
the algebraic approximation tt: 5 — > T according to Proposition 4.1 we 



can find by Propositions 4.1 and 4.3 a unique effective divisor V on S with 
V D So = D. Letting Vt := V (1 Sf for t E T, each Vf is again composed 
of (—2) -curves sharing the same intersection pattern as D. Since the Y 
consists of isolated points only (together with infinitesimal neighborhoods) 
we can obviously construct a codimension > 2 subvariety y C S, flat 
over T with y^ = Y, such that 3^ C I? as an inclusion of complex spaces. 
Setting C := OsiT^), this means that the defining section of Vt inside 
H^{Ct) actually yields a section inside H^{Cf^ ^yt)- have thus proved 
h^{Ct(S>Iy,) = 1 for any f. 

It remains to consider the case that a{S) = 1: We first assume S to 
be a K3 suface. Then we choose the algebraic approximation n: S ^ T 



according to Proposition 2.2 As before, we can deform any divisor on S 
to a divisor on the neighboring St such that locally, its structure remains 
unchanged. Thus, by suitably choosing 3^ C 5, we can ensure extendability 
of all sections in {St (Si ly,) as before. 

If now S is a torus with a[S) = 1, we investigate the linear system 
of divisors on S defined by the subspace H'^(L (8)Iy) C H°(L). We can 
decompose this linear system as 

(13) \H\L^Iy)\=Do + \L^Os{-Do)\, 

where Dq is an effective divisor on S containing Y as a complex subspace. 
We choose the algebraic approximation tt: 5 — > T according to Propo- 
sition lO and line bundles M and on S with A^l^^ = Os{Do) and 



N'lso — (8 Osl^Do) according to Proposition 4.4 We obtain a section 
So e H^{A4) such that So\so j^^* ^^e defining section of the divisor Dq. 
By choosing sq suitably, we can achieve that there exists a codimension 
> 2 subvariety y C S which is flat over T, such that yo = Y and Sq 
vanishes along 3^. If we now let £ := (8 A/", we can extend any section 
^ S H'^(L (8) 2^y) to a section in {C (S ly) hy writing ^ = Sq • accord ing 



4.4 



to ( [T3| , extending to a section G H^{N') according to Proposition 
and choosing sq ■ Co as extension of ^. 

To conclude the proof, we remark that each of the algebraic approxi- 
mations of S chosen above has the property that any effective divisor on 
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S extends as a line bundle on S (cf . Propositions 2.2 and |4.1[|, so the line 



bundle Q mentioned at the beginning indeed exists. □ 

Using different arguments, we can also treat the case of simple rank-two 
bimdles: 

Lemma 4.6. Let S be a K3 surface or a torus. Then there exists an algebraic 
approximation n: S ^ T 3 of S = Sq such that for any simple rank-two vector 
bundle V on S, there exists a rank-two bundle V on S such that V\so — ^ ■ 

Proof. We let 71 : 5 — ?► r be the algebraic approximation of S = 5o according 



to Proposition 4.1 We consider the projective bundle P(V) over S. An 



easy calculation shows that h^{TTp^v)/s) = h^{S^V <^ detV*) = 0. This 
implies by | Hor74 . Theorem 6.1] that there exists a deformation xp: A! ^ T 
of P(y) = arid a holomorphic map f : A" — > 5 extending the natural 
projection /: P(V) — ?► S. We observe that the bundle V is given by V" = 
/*C'p(y)(l) and that Op(y)(2) ^ i^p(y)/s ^ /*dety. By Proposition liT 
there exists a line bundle G onS with G\g^ = det V. We define a line bundle 
£, on A! as C := /s ^ F*Q. Now obviously the bundle Co — C'p(y) (2) has 
a square root. The obstruction to having a square root is purely topological, 
so by the topological triviality of tp, also C has a square root, i.e. a line 
bundle K, with AT®^ = C We can then define V := to obtain a rank-2 
bundle on S with V\so = V. □ 

The following lemma allows to carry over the above statements to blown- 
up K3 surfaces and tori: 

Lemma 4.7. Let S be a compact surface, p: S ^ S the blow-up of a point sq G S 
and V a vector bundle on S. Suppose that there exists an algebraic approximation 
Tz: S ^ T 3 of S = So and a vector bundle V on S such that 

Then, after shrinking T sufficiently, there exists an algebraic approximation 5 — > T 
of S = So, a proper modification P: S ^ S over T with P\^^ = p and a vector 
bundle V on S such that 

Proof. We choose a submanifold C C S which is mapped isomorphically 
onto Thy n such that C DSo = {sq}. We now let P : 5 — > 5 be the blow- 
up of C C (S. The deformation n := n o P: S — ?► Tis then an algebraic 
approximation of S = 5o. 

It remains to construct the desired bundle V on S: We let V := {p^V)**. 
Since V is a reflexive sheaf on the two-dimensional manifold S, it is locally 
free. The bidual of the natural map p* p^V ^ V induces a map 

r. p*V V** = V. 

If we let £^ C 5 be the exceptional divisor of P, then E := £ D Sq C Sq is 
the exceptional divisor of p and i is an isomorphism over So\E. We thus 



16 



FLORIAN SCHRACK 



obtain a short exact sequence 

(14) 0^p*V^V^Q^O, 

given by a cohomology class in Ext^(Q, p*V), where Q is a coherent sheaf 
on So with support contained in E. We want to construct an extension of 
sequence plj l to all of S. 

By hypothesis, there is a vector bundle V on 5 with Vl^^ = V. We 
can choose an open neighborhood of S inside S such that P*V\u is trivial 
and such that ft induces an isomorphism U = U x T for some open 
neighborhood U of E in 5o. Via this isomorphism, we can extend the sheaf 
Q constantly to give a coherent sheaf on U. The support of this sheaf being 
contained in S, we can extend by zero to obtain a coherent sheaf Q on S. 
By construction, we have for every point t ^ T: 

Exti(Ql5,'(-P*"^)l5,) =Exti(Q|fi'^li)' 
so in particular, the dimension 

dimExti(Q|^^,(P*V)|5,) 

is independent of t. By |BPS80l Satz 3], this implies that the base change 
morphism 

SxtUQ,P*V)(^C{t)^Exe{Q\s,{P*V)\s,) 

is an isomorphism for any t ^ T. This means that (after shrinking T suffi- 
ciently) we can extend the class of sequence ([Mj to a class in Ext\Q,P*V) 
giving a short exact sequence 

— >P*V — >V — > Q — >0, 

which defines a bundle V as desired. □ 

We can now prove the central result of this section: 

Proof of Theorem |3] It is sufficient to construct an algebraic approximation 
TT : 5 — > r of S = 5o such that there exists a vector bundle V on 5 with 
V\so = V L for some line bundle L on S (we can then take P(V) as an 
algebraic approximation of ¥{V)). By Lemma [4. 7[ we can assume S to be 
minimal, so S is either a K3 surface or a torus. Now, if H^{V ^ L) ^ for 



some L, we are done by Lemma 4.5 If H {V ^ L) = for every line bundle 



L on S, then in particular V is simple, so we can apply Lemma 4.6 □ 

5. Further results 
5.1. Threefolds bimeromorphic to a product. 

Lemma 5.1. Let S be a compact Kahler surface. Then there exists an algebraic 
approximation n: S ^ T 3 Q of S with the following property: Tor any compact 
curve C C S there exists an open subset U C S with C C U and an open subset 
U d S such that 

(i) UnSo = Uand 

(ii) U is isomorphic to the product U x T over T. 
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Proof. If fl(S) = 1 then S is elliptic and any connected compact curve on 
S is contained in a fiber a the elliptic fibration. The claim then follows 



directly from Proposition 2.2 



If a(S) = 0, we first observe that we can assume S to be minimal. 
There are no compact curves on a torus of algebraic dimension 0, so we 
are left with the case that S is a K3 surface. Then C is a configuration 



of (— 2)-curves. We take n to be the deformation from Proposition 4.1 



Then, by Proposition 4.3 C can be extended to a curve C C S which is 
proper and flat over T, such that for each t ^ T, the intersection Ct := 
C n iSf is a configuration of (—2) -curves isomorphic to C. The claim now 
follows because isomorphic configurations of (—2) -curves have isomorphic 
neighborhoods. □ 



Lemma 5.1 is the essential ingredient to the 



Proof of Theorem^ By Hironaka's Chow Lemma (cf. IIHir75l ) and resolution 
of singularities, there exists a compact complex manifold X together with 
a holomorphic map p : X — > X obtained as a finite composition of blow- 
ups along smooth centers such that there exists a proper modification 
/ : X — )■ Pi X S making the diagram 



X 



Pi X S - - X 




commute. The center of / has codimension at least 2 in Pi x S, so there 
exists a (not necessarily connected) compact curve C C S such that / is an 
isomorphism over Pi x (S \ C). 

We now take an algebraic approximation tt : 5 — > T of S according to 



Lemma 5.1 Then there is an open neighborhood U G S of C and an open 
subset U C S with U D So = U and U ^ U x T over T. We observe that 
ft : = prj o (id x tt) : Pi x 5 —t- T is an algebraic approximation of Pi x S 
such that the restriction TrjpjxW is isomorphic to the natural projection 
Pi X U X r — ?► T. The modification / thus trivially induces a modification 
/ : /^^ (Pi X U) X T —> X U which can be glued together with the 
identity on Pi x (5 \ to give a proper modification F: X — > Pi x 5 
such that the composition ft o F: X — > T is an algebraic approximation 
of X. 

Since p is a composition of blow-ups along smooth centers, we have 
p^Ox = Ox and R^p^O^ = 0. Using IIHor76l Theorem 8.2] we con- 
clude (after shrinking T sufficiently) the existence of a proper holomorphic 
submersion xp: X ^ T and a holomorphic map P: A? — > A" such that 
P o \p = ft o F, V'^^(O) = X and P|(7toF)-i(o) = P- I* is now easy to see that 
xp is an algebraic approximation of X. □ 
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Remark 5.2. By Fujiki's classification results (|Fuj83a Proposition 14.1]), 
every non-algebraic uniruled Kahler threefold carries a meromorphic Pi- 
fibration. 

5.2. Conic bundles. 

Proof of Theorem^ We let E := f^K'^/g- By hypothesis, r^E is a rank-3 
bundle on C and we get an exact sequence 

(15) — > r*r^E E — >Q — ^ 0, 

where Q is a torsion sheaf on S. There exists a finite set Z C C such that 
the support of Q is contained in r^^(Z). This means that tt|,-i(c\z) is an 
isomorphism. 

We choose an algebraic approximation n: S ^ T 3 Q oi S = Sq and an 



extension R: S — > CxT of r according to Proposition 2.2 By the local 
triviality of R over T, there exists a coherent sheaf Q on S, flat over T, with 
supp(Q) C R-i(Z X r), such that Ql^^ ^ Q and 

Exti(Q|5„05,)=Exti(Q,0s) 

for all i G T. This implies the existence of a rank-3 bundle £ on S sitting in 
a short exact sequence 

(16) — >R*pr*r,£^5 — >Q — >0 



whose restriction to Sq yields sequence ( [T5| ). In particular, OL\R--i{[c\z)x.T) is 
an isomorphism. By construction, the section 

a e H\S^E(^detE*) 

yields a section 

H° ({S^£0det£* 



Ir-1((C\Z)xT) 

with ^|r-i((c\z)x{o}) = '^li-i(c\z)- the local triviality of the situation, 
however, any point p ^ Z posesses an open neighborhood U C C such that 
there exists a section 

~aeH°{{S^£^det£*)\R-^uxT)) 

with ^|r-i(ux{o}) = '^l!-i(u) and ^|r-i((u\{p})xt) = ^\r-^{{u\{p})xT)- The 
sections a and a glue together to give a section 

s e H\S^£ 0det£*) 

with s\gg = a. The section s defines a conic bundle over S yielding an 
algebraic approximation of X. □ 

Proof of Theorem^ Let E := f^K^^^. Then X C P(£) is given by a section 
s G H0(S2E®detE*). 

Let TT : 5 ^ T be the algebraic approximation of S = 5o from Proposi- 



tion 4.1 We write £ = Li © L2 © L3 and choose line bundles Ci on S with 



Ci\sQ = -L; for / = 1, 2, 3. Letting £ := Ci® C2® C-z, we have ^l^^ = E, and 



by Proposition 4.3 the section s extends to a section s G H^{S?-£ ® det(5*) 
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with s\sg = s, defining a conic bundle A! C P(<?) over S yielding an 
algebraic approximation of Xq — ^- D 
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